Abstract. Let X be a Q-factorial complete toric variety over an algebraic closed field of characteristic 0. There is a canonical injection of the Picard group Pic(X) in the group Cl(X) of classes of Weil divisors. These two groups are finitely generated abelian groups; whilst the first one is a free group, the second one may have torsion. We investigate algebraic and geometrical conditions under which the image of Pic(X) in Cl(X) is contained in a free part of the latter group.
Introduction
Let X be an irreducible and normal algebraic variety over an algebraic closed field k of characteristic 0. Then the group H 0 (X, K * /O * ) of Cartier divisors of X can be represented as the subgroup of locally principal divisors of the group Div(X) of Weil divisors [5, Rem. II.6.11.2]. Quotienting both this groups by their subgroup of principal divisors one realizes the group CaCl(X) of classes of Cartier divisors as a subgroup of the group Cl(X) of classes of Weil divisors. In addition it turns out a canonical isomorphism between CaCl(X) and the Picard group Pic(X) of classes of isomorphic line bundles on X [5, Propositions II.6.13,15], so giving a canonical injection (1) Pic(X) / / Cl(X) .
For this reason, in this paper we will not distinguish between linear equivalence classes of Cartier divisors and isomorphism classes of line bundles, so identifying CaCl(X) = Pic(X). Assume now that Cl(X) is finitely generated. It is well known that a finitely generated abelian group decomposes (non canonically) a a direct sum of a free part and its torsion subgroup. Both Pic(X) and Cl(X) may have non trivial torsion and clearly (1) induces an injection Tors(Pic(X)) ֒→ Tors(Cl(X)). Then the following natural question arises: (*) let F C and F W be free parts of Pic(X) and Cl(X), respectively, that is free subgroups such that Pic(X) = F C ⊕ Tors(Pic(X)) , Cl(X) = F W ⊕ Tors(Cl(X)) ;
under which conditions on X, F C ⊆ Pic(X) and F W ⊆ Cl(X) the injection (1) may induce an injection
One should expect some geometric condition on X guaranteeing the existence of the injection (2), but we could not find anything, in the current literature, helping us to answering problem (*). Motivated by algebraic considerations (see Proposition 1.5) we call pure a normal, irreducible algebraic variety X such that Cl(X) is finitely generated and there exist free parts F C and F W positively answering problem (*) (see Definition 2.1). On the contrary if for each choice of free parts F C and F W the injection (1) does not induce any injection (2) then X is called impure. Obvious examples of pure varieties are given by those varieties X whose class group Cl(X) is finitely generated and free, and by smooth varieties admitting a finitely generated class group. Examples of impure varieties are in general more involved: some of them are given in § 2.3.
In the present paper we will consider the easier case of a Q-factorial complete toric variety X, essentially for three reasons: Conditions (a) and (b) translate problem (*) in the following (**) under which conditions on X there exists a free part F of Cl(X) such that (1) induces an injection Pic(X) ֒→ F ?
The main result of the present paper is a sufficient condition for a Q-factorial complete toric variety to be a pure variety. This is given by Theorem 2.4 and can be geometrically summarized as follows:
Theorem 0.1 (see Theorem 2.4 and Remark 2.6). Let X(Σ) be a Q-factorial complete toric variety of dimension n. Then it admits a canonical covering Y ( Σ) ։ X(Σ), unramified in codimension 
be the collection of affine charts given by the maximal cones and covering Y . Calling mult( σ) the maximum order of a quotient singularity in the affine chart U σ (i.e. the multiplicity of the cone σ ∈ Σ(n), see Definition 2.3), X is a pure variety if m Σ := gcd{mult( σ) | σ ∈ Σ(n)} is coprime with the order of the Galois group of the covering Y → X. This is not a necessary condition: Example 2.9 gives a counterexample. Section § 2.3 is entirely devoted to give non trivial examples of pure and impure varieties. A big class of non trivial examples of pure varieties is exhibited in Section § 2.4: namely it is given by
• all Q-factorial complete toric varieties whose small Q-factorial modifications (sQm) are actually isomorphisms.
Here sQm of X means a birational map f : X Y such that f is an isomorphism in codimension 1 and Y is still a complete Q-factorial toric variety. By the combinatorial point of view the previous geometric property translates in requiring that there is a unique simplicial and complete fan Σ admitting 1-skeleton given by Σ(1). Our proof that those varieties are pure (see Proposition 2.14) passes through showing that every maximal simplicial cone generated by rays in Σ(1) and not containing any further element of Σ(1) other than its generators (we call minimal such a maximal simplicial cone) is actually a cone of a complete and simplicial fan. This fact produces a completion procedure of fans looking to be of some interest by itself (see Lemma 2.11 and § 2.4.1), when compared with standard completion procedures [3, Thm. III.2.8], [4] , [6] .
Further results of the present paper are given by:
-algebraic considerations given in § 1; apart from the definition of a pure submodule given in Definition 1.4 and some consequences appearing in Proposition 1.5, the rest of this section consists of original considerations, as far as we know; -a characterization of Pic(X) as a subgroup of Cl(X), when X is a pure, Q-factorial, complete, toric variety: in [8, Thm. 2.9.2] we gave a similar characterization in the case of a poly weighted space (PWS: see Notation 2.1), that is when Cl(X) is free; a first generalization was given in [7, Thm. 3.2 (3) ] which is here improved in § 3 and in particular by Theorem 3.2; -an example of a 4-dimensional simplicial fan whose completions necessarily require the addition of some new rays (see Example 2.17): Ewald, in his book [3] , already announced the existence of examples of this kind (see the Appendix to Chapter III in [3] ), but we were not able to recover it. We then believe that Example 2.17 may fill up a lack in the literature on these topics.
This paper is structured as follows. The first section gives all needed algebraic ingredients. Section 2 is devoted to state and prove the main result, given by Theorem 2.4, and produce examples of pure and impure varieties in the toric setup (see § 2.3 and § 2.4). Section 3 gives the above mentioned characterization of Pic(X) as a subgroup of Cl(X) when X is a pure, Q-factorial, complete, toric variety.
Algebraic considerations
Let A be a PID, M be a finitely generated A-module of rank r, and T = Tors A (M).
It is well known that a free part of M always exists. Let H ⊆ M be a free submodule of rank h. In general it is not true that H is contained in a free part of M. For example let A = Z, M = Z ⊕ Z/2Z and let H = (2, 1) . Proposition 1.2. There exist elements a 1 , . . . , a h ∈ A such that a 1 |a 2 | . . . |a h satisfying the following property: every free part L of M has a basis f 1 , . . . , f r such that a 1 f 1 + t 1 , . . . , a h f h + t h is a basis of H for suitable t 1 , . . . , t h ∈ T .
Proof. Let π : M → M/T the quotient map. The group M/T is free of rank r. The restriction of π to H is injective, since H is free and ker(π) = T . Therefore π(H) is a subgroup of rank h of the free group M/T . By the elementary divisor theorem, there exist a basisf 1 , . . . ,f r and element a 1 , . . . , a h ∈ A such that a 1 |a 2 | . . . |a h and a 1f1 , . . . , a hfh is a basis of π(H). Let h 1 , . . . , h h be the basis of H such that π(h i ) = a ifi . Now let L be a free part of M. The decomposition M = L⊕T gives rise to a section
Then t i ∈ ker(π) = T , so that the claim is proved. Remark 1.3. When A = Z, the objects whose existence is established by Proposition 1.2 are effectively computable. In fact, assume that M = Z r ⊕ T , where T is a finite group, and that g 1 + s 1 , . . . , g h + s h is a basis of H, with g 1 , ..., g h ∈ Z r and s 1 , . . . , s h ∈ T . Let G be the h × r matrix having rows g 1 , ..., g h . It is possible to compute the Smith normal form S of G and matrices U ∈ GL h (Z), V ∈ GL r (Z) such that U GV = S. Then the rows of V −1 give the basis f 1 , . . . , f r , the diagonal entries of S give a 1 , . . . , a h ∈ Z. Moreover we recover the elements t 1 , . . . , t h by putting (with the obvious notation)    t 1 . . .
The following definition is standard (see for example [10, Ex. B-3.6]) Definition 1.4. Let M be an A-module. A submodule M ′ ⊆ M is said pure if the following property is satisfied: 
The equivalence of (b) and (c) is a the well-known fact that, for modules finitely generated over a PID, pure submodules and direct summands coincide (see for example [10, Ex. B-3.7 (ii)]). c) ⇒ d): since a i f i + t i ∈ H, the image of a i f i in M/H belongs to the image of T , for i = 1, . . . , r. By purity, there exists u i ∈ T such that the images of a i f i and
Notice that since H is free,
For every prime element p of A, we denote by
The localization of T at (p) coincide with the p-torsion of T , and
H is contained in a free part of M if and only if H (p) is contained in a free part of M (p) for every prime element p ∈ A.
. Since this holds for every p, we obtain that t i is divisible by a i in T . Applying again Proposition 1.5 we see that H is contained in a free part of M.
Application to toric varieties
As already mentioned in the Introduction, we put the following Definition 2.1. Let X be an irreducible and normal algebraic variety such that Cl(X) is finitely generated. Then X is called pure if there exist free parts F C and F W of Pic(X) and Cl(X), respectively, such that the canonical injection Pic(X) ֒→ Cl(X) descends to give the following commutative diagram
In particular, if X = X(Σ) is a n-dimensional toric variety whose n-skeleton Σ(n) is not empty (see the following § 2.1 for notation) then Pic(X) is free (see e.g. [2, Prop. 4.2.5]), meaning that X is pure if and only if Pic(X) is contained in a free part of Cl(X). If X is not pure, it is called impure.
Of course, if Cl(X) is free then X is pure; morover if X is smooth and Cl(X) is finitely generated, then it is pure, beacause the injection Pic(X) ֒→ Cl(X) is an isomorphism. Conversely, producing examples of impure varieties is definitely more complicated (see Example 2.8).
2.1. Notation on toric varieties. Let X = X(Σ) be a n-dimensional toric variety associated with a fan Σ. Calling T ∼ = (k * ) n the torus acting on X, we use the standard notation M , for the characters group of T, and N := Hom(M, Z). Then Σ is a collection of cones in N R := N ⊗ R ∼ = R n . Σ(i) denotes the i-skeleton of Σ, that is the collection of i-dimensional cones in the fan Σ. We shall use the notation τ σ to indicate that the cone τ is a face of σ.
Given a toric variety X(Σ) we will denote by W T (X) ⊆ Div(X) the subgroup of torus invariant Weil divisors and by C T (X) ⊆ W T (X) the subgroup of Cartier torus invariant divisors. It is well known that 
In [8, Def. 2.7] we introduced the notion of a poly weighted space (PWS), which is a Q-factorial complete toric variety Y whose class group Cl(Y ) is free. This is equivalent to say that Y is connected in codimension 1 (1-connected) , that is the regular locus Y reg of Y is simply connected, as Y is a normal variety: recall that π 1 (Y reg ) ∼ = Tors(Cl(Y )) = 0 [9, Cor. 1.8, Thm. 2.1]. As proved in [9, Thm. 2.2], every Q-factorial complete toric variety X(Σ) is a finite quotient of a unique PWS Y ( Σ), which is its universal covering unramified in codimension 1 (1-covering). The Galois group of the torus equivariant covering Y ։ X is precisely the dual group µ(X) = Hom(Tors(Cl(X)), k * ). At lattice level, the equivariant surjection Y ։ X induces an injective automorphism β : N ֒→ N whose R-linear extension β R : N R ֒→ N R identifies the associated fans, that is β R ( Σ) = Σ. Recall that one has the following commutative diagram (see diagram (5) 
respectively, to its class in Cl(X), Cl(Y ), respectively;
• α is what induced by α on classes groups;
• V, V are matrices whose transposed represent div X , div Y , respectively, w.r.t. a chosen a basis of M and standard bases of torus orbits of rays of W T (X) and W T (Y ), respectively; since |Σ(1)| = | Σ(1)| = n + r, where
both V and V are n×(n+r) integer matrices called fan matrices of X and Y , respectively; they turns out to be F -matrices, in the sense of [8, Def. 3.10] , and V is also a CF -matrix ; notice that, still calling β the representative matrix of the homonymous morphism β : N ֒→ N w.r.t. the basis dual to that chosen in M , there is the relation 
with respect to these choices, the weight matrix Q turns out to be a representative matrix of f X , too, while morphism τ X is represented by a torsion matrix Γ [7, Thm. 3.2 (6)]. Given a fan Σ ∈ SF (V ) we put
2.2. A sufficient condition. This section is aimed to give a sufficient condition for a Q-factorial complete toric variety to be a pure variety. Let us, first of all, outline some equivalent facts.
Proposition 2.2. Let X(Σ) be a Q-factorial complete toric variety, Y ( Σ) ։ X(Σ) be its universal 1-covering, V and V be fan matrices of X and Y , respectively. Assuming notation as in diagram (3), the following are equivalent:
Proof. a) ⇒ b): if X is a pure variety, let Cl(X) = L ⊕ T be a decomposition such that L is a free part and Pic(X) ⊆ L. We can identify L with Z r in the first row
Then we see that the image of
is contained in a free part of Cl(X) (p) by Proposition 1.5 b). Since this holds for every p we can apply Proposition 1.6 and deduce that Pic(X) is contained in a free part of Cl(X), so that X is pure.
Definition 2.3. Let Σ be a fan in R n . For every simplicial cone σ ∈ Σ, let w 1 , . . . , w k ∈ Z n be the set of minimal generators of σ. Let V be the subspace of R n generated by σ, and L = V ∩ Z n . The multiplicity of σ is the index
If Σ is a simplicial fan we put m Σ = gcd{mult(σ) | σ is a maximal cone in Σ}.
Set, once for all, the following notation:
We are now in a position to state and prove the main result of the present paper.
Theorem 2.4. Let X = X(Σ) be a complete Q-factorial toric variety and Y = Y ( Σ) be its universal 1-covering; let V be a fan matrix associated to Y , and V = β· V be a fan matrix associated to X. Suppose that (det(β), m Σ ) = 1. Then X is a pure variety.
Proof. By Proposition 2.2, it suffices to show that for every prime p there exists a Z (p) -module F p and a decomposition
and we are done. Assume that p| det(β); by hypothesis there exists a maximal cone σ = σ I ∈ Σ such that p | mult( σ) = det(Q I ). Put F p = E I,(p) , where E I is defined in (4) . By
The inclusion ⊇ being obvious, assume that x ∈ Z n+r (p) . Since det(Q I ) is invertible in Z (p) , there esists y ∈ E I such that Qx = Qy, that is x − y ∈ ker(Q) = L r ( V ).
Corollary 2.5. Let Y = Y ( Σ) be a poly weighted projective space such that m Σ = 1. Then every Q-factorial complete toric variety having Y as universal 1-covering is pure.
Remark 2.6. Geometrically the previous Theorem 2. 4 translates precisely in Theorem 0.1 stated in the introduction. In fact a Q-factorial complete toric variety is an orbifold (see [2, Thm. 3.1.19 (b)]) whose n-skeleton parameterizes a covering by affine charts. In particular Y has only finite quotient singularities whose order is necessarily a divisor of some multiplicity mult( σ), for σ ∈ Σ(n). Moreover, the affine chart U σ has always a quotient singularity of maximum order mult( σ). Hence Theorem 0.1 follows. In particular the previous Corollary 2.5 gives the following Corollary 2.7. Let Y be a n-dimensional, Q-factorial, complete toric variety admitting a torus invariant, Zarisky open subset U ⊆ Y , biregular to C n . Then Y is a PWS and every Q-factorial complete toric variety having Y as universal 1-covering is pure.
2.3.
Examples. The present section is devoted to give some examples of pure and impure Q-factorial complete toric varieties. 
A torsion matrix Γ ′ with entries in Z/2Z such that Q ⊕ Γ ′ represents the morphism assigning to each divisor its class is given by so that X ′ is pure. On the other hand m Σ1 = 2 = det(β ′ ), so proving that a converse of Theorem 2.4 cannot hold.
2.4.
The case |SF (V )| = 1. The aim of this section is to exhibit a large class of pure toric varieties, by establishing the purity of every Q-factorial complete toric variety X = X(Σ) whose fan matrix V admits a unique simplicial and complete fan given by Σ itself. Geometrically, this property means that a small Q-factorial modification of X is necessarily an isomorphism, as explained in the Introduction.
We need a few preliminary lemmas. If V is an F -matrix we put Proof. Since I V,min ⊆ I V,tot we have m V,tot |m V,min We firstly show that the assertion is true when m V,tot = 1. Otherwise there would exist a prime number p dividing det(V I ) for every I ∈ I V,min ; and there would exist I 0 ∈ I tot such that p | det(I 0 ). We choose such an I 0 with the property that the number n 0 of columns of V belonging to V I0 is minimum. Let v 1 , . . . , v n be the columns of V I0 and let v * ∈ V I0 be a column of V different from v i for every i; then we can write
n | det(V I0 )| and p divides det(σ i ) by the minimality hypothesis on I 0 . It follows that p divides a i for i = 1, . . . , n; therefore v * ∈ pZ n and this is a contradiction because V is a fan matrix, hence reduced (see [8, Def. 3 .13]). Suppose now that m V,tot = 1. Then by [8, Prop. 3.1 (3) ] there exist a CF -matrix V such that V = β V for some β ∈ M n (Z)∩GL n (Q); and m V ,tot = 1 by [8, Prop. 2.6], so that we can apply the first part of the proof to V and deduce that m V ,min = 1.
Notice that I V,tot = I V ,tot , I V,min = I V ,min and det(V I ) = det(β) det( V I ) for every I ∈ I V,tot , so that m V,min = det(β)m V ,min and m V,tot = det(β)m V ,tot . It follows that m V,min = m V,tot = det(β).
Lemma 2.11. Let Σ 0 be a simplicial fan in R n such that σ = |Σ 0 | is a full dimensional convex cone. Let w 1 , . . . , w k ∈ R n be such that w i ∈ σ for i = 1, . . . , k. There exists a simplicial fan Σ in R n such that
Proof. By induction on k. For the case k = 0, we take Σ = Σ 0 . Assume that the result holds true for k −1.
We distinguish two cases:
. Concretely, every m-dimensional cone µ = x 1 , . . . , x m ∈ Σ containing w k is replaced by the set of the mdimensional cones of the form x 1 , . . . , x i−1 , w k , x i+1 , . . . , x m . Conditions a) and b) are immediately verified. For condition c) notice that, since w k ∈ σ, τ is not a face of any cone in Σ 0 ; therefore Σ 0 ⊆ Σ.
• Case 2: w k ∈ W ′ , so that W ′ W. Let F be the set of facets f in Σ ′ (n − 1) which are cutted out by an hyperplane stricly separating W ′ and w k ; that is f ⊆ ∂W ′ , f ⊆ ∂W and the cone τ f = f, w k is n-dimensional. Notice that F = ∅: in fact W ′ is a convex polyhedral cone and w k ∈ W ′ ; then there is an hyperplane H cutting a facet ϕ of W ′ and strictly separating W ′ and w k ; let f be a facet of Σ ′ contained in ϕ; then f ∈ F .
Consider the set of simplicial cones
We claim that Σ is a fan. By construction it is closed by faces, so that it suffices to show that τ 1 ∩ τ 2 is a face of both τ 1 and τ 2 , whenever τ 1 , τ 2 ∈ Σ. Let τ 1 , τ 2 ∈ Σ. If they are both in Σ ′ then τ 1 ∩ τ 2 is a face of τ 1 , τ 2 because Σ ′ is a fan. Assume that τ 1 ∈ Σ ′ and τ 2 ∈ Σ ′ ; then τ 2 = τ, w k , where τ is a face of some f ∈ F . Let H be the hyperplane cutting f ; then w k lies on the other side of H with respect to W ′ , so that
, so that it is a face of both τ 1 and τ by induction hypothesis; but τ τ 1 so that τ 1 ∩ τ 2 τ 2 . Finally, assume that both τ 1 and τ 2 are not in Σ ′ . This means that there are facets f 1 , f 2 in F and faces µ 1 f 1 , µ 2 f 2 such that τ 1 = µ 1 , w k and τ 2 = µ 2 , w k . We show that τ 1 ∩ τ 2 = µ 1 ∩ µ 2 , w k ∈ Σ. Let x ∈ τ 1 ∩ τ 2 : then we can write x = y 1 + λ 1 w k = y 2 + λ 2 w k , where y 1 ∈ µ 1 , y 2 ∈ µ 2 and λ 1 , λ 2 ≥ 0. Whitout loss of generality we can assume λ 1 ≥ λ 2 ; put λ = λ 1 − λ 2 ; then y 1 + λw k = y 2 . Let H be the hyperplane cutting f 1 ; since f 1 ∈ F , w k ∈ H, so that there esists a vector n be a normal to H such that n · x ≤ 0 for every x ∈ W ′ and n · w k > 0. Then n · y 2 ≤ 0 and n · (y 1 + λw k ) = n · λw k ≥ 0, so that λ = 0; this implies y 1 = y 2 ∈ µ 1 ∩ µ 2 and x ∈ µ 1 ∩ µ 2 , w k . Now we show that condition a) holds for Σ. By construction
′ then x = y + λw k for some y ∈ W ′ and λ > 0; up to replacing y by y + µw k for some 0 ≤ µ < λ we can assume that y + ǫw k ∈ W ′ if ǫ > 0. Then for every ǫ there exists an hyperplane H ǫ cutting a facet ϕ ǫ of W ′ which separates W ′ and y + ǫw k ; since the facets of W ′ are finitely many, by the pigeonhole principle H ǫ , ϕ ǫ do not depend on ǫ for ǫ → 0; call them H, ϕ respectively. Let n be a normal vector to H such that n · y ≤ 0 and n · (y + ǫw k ) > 0 for ǫ → 0; the existence of such n implies n · y = 0 and n · w k > 0, so that y ∈ ϕ and w k ∈ H. Then there is a facet f ∈ F such that y ∈ f ; therefore x ∈ τ f , and a) is proved. We showed that Σ \ Σ ′ = ∅; and every cone in Σ \ Σ ′ has w k as a vertex and all other vertices in Σ
Corollary 2.12. Let V be a fan matrix. Then for every I ∈ I V,min the cone V I belongs to a fan in SF (V ).
Proof. It suffices to apply Lemma 2.11 in the case Σ 0 = {τ | τ V I } and w 1 , . . . , w k are the columns of V I . Corollary 2.12 has the following immediate consequence: Corollary 2.13. Let V be a fan matrix such that SF (V ) contains a unique fan Σ. Then for every I ∈ I V,min the cone V I belongs to Σ.
We are now in position to prove our purity condition:
Proposition 2.14. Let X be a Q-factorial complete toric variety and let V be a fan matrix of X. Assume that SF (V ) contains a unique fan. Then X is pure.
Proof. Let Y = Y ( Σ) be the universal 1-covering of X and let V be a fan matrix associated to Y . Then V is a CF -matrix, so that m V ,tot = 1 by [8, Prop. 2.6 and Def. 2.7] . By Corollary 2.13, I Σ = I Σ = I V ,min so that m Σ = m V ,min and, by Lemma 2.10, the latter is equal to m V ,tot = 1. Then X is pure by Corollary 2.5.
Remark 2.15. Proposition 2.14 implies that the following toric varieties are pure:
• 2-dimensional Q-factorial complete toric varieties • toric varieties whose universal 1-covering is a product of weighted projective spaces.
Remark 2.16. In the case |SF (V )| = 1 the unique complete and Q-factorial toric variety X whose fan matrix is V is necessarily projective. This is a consequence of the fact that Nef(X) = Mov(X), recalling that the latter is a full dimensional cone, by [1, Thm. 2.2.2.6].
2.4.1. An application to completions of fans. Lemma 2.11 can be applied to give a complete refinement Σ of a given fan Σ 0 satisfying the further additional hypothesis: (*) assume that |Σ| = Σ 0 + w 1 , . . . , w k = R n .
In particular, if we consider the fan Σ ′ = Σ 0 ∪ { w 1 . . . , w k } then Lemma 2.11 gives a completion Σ of Σ ′ without adding any new ray. The latter seems to us an original result. In fact, it is actually well known that every fan Σ ′ can be refined to a complete fan Σ (see [3, Thm. III.2.8], [4] and the more recent [6] ). Anyway, in general the known completion procedures need the addition of some new ray, so giving Σ ′ (1) Σ(1). As observed in the Remark following the proof of [3, Thm. III.2.8], just for n = 3 "completion without additional 1-cones can be found" but this fact does no more hold for n ≥ 4: at this purpose, Ewald refers the reader to the Appendix to section III, where he is further referred to a number of references. Unfortunately we were not able to recover, from those references and, more generally, from the current literature, as far as we know, an explicit example of a 4-dimensional fan which cannot be completed without adding some new ray. For this reason, we believe that the following example may fill up a lack in the literature on these topics. Moreover it cannot be completed since every further maximal cone admitting 2, 3, 6 as a facet does not intersect correctly the remaining cones in Σ(4). In fact
2 : consider e.g.
• 2, 3, 5, 6 ∩ 1, 4, 5, 6 5, 6 : consider e.g.
• 2, 3, 6, 7 is not a maximal cone.
3.
A characterization of Pic(X) for some pure toric variety Let X = X(Σ) be a complete Q-factorial toric variety having V as a fan matrix; let Y be its universal 1-covering, V be a fan matrix associated to Y and V = β V . Recall that a Weil divisor L = n+r j=1 a j D j is a Cartier divisor if it is locally principal, that is
Let C T (X) be the group of torus invariant Cartier divisors of X. Then
recalling notation (4). The Picard group Pic(X) of X is the image of C T (X) in Cl(X), via morphism d X (recall here and in the following, notation introduced in diagram (3)). In [8, Thm. 2.9.2] we showed that if Y is a PWS then we can identify
Let z ∈ C T (Y ) such that Q · z = x. By definition, for every I ∈ I Σ there is a unique decomposition z = t(I) + a I with t(I) ∈ L r ( V ). Moreover, (8) z ∈ C T (X) ⇔ t(I) ∈ L r (V ), ∀I ∈ I Σ .
Proposition 3.1. x ∈ α(Pic(X)) if and only if x ∈ Pic(Y ) and u IJ ∈ L r (V ), for every I, J ∈ I Σ , where u IJ is defined by (7).
Proof. Suppose that x ∈ α(Pic(X)). Then there exists z ∈ C T (X) such that Q · z = x. For every I ∈ I Σ consider the decomposition z = t(I) + a I with t(I) ∈ L r (V ). Then u IJ = a I −a J = t(J)−t(I) ∈ L r (V ) for every I, J ∈ I Σ . Conversely, suppose that u IJ ∈ L r (V ) for every I, J ∈ I Σ . Let z ′ ∈ C T (Y ) be such that Q · z ′ = x. For every I ∈ I Σ there is a decomposition z ′ = t ′ (I) + a I with t ′ (I) ∈ L r ( V ). Fix I 0 ∈ I Σ and put z = z ′ − t ′ (I 0 ). We claim that z ∈ C T (X). Indeed, let I ∈ I Σ and decompose z = t(I) + a I with t(I) ∈ L r ( V ) and t(I 0 ) = 0. It follows that for every I ∈ I Σ t(I) = t(I) − t(I 0 ) = a I0 − a I = u I0I ∈ L r (V ). Theorem 3.2. Let X be a pure Q-factorial complete toric variety and choose an isomorphism Cl(X) ∼ = Z r ⊕T such that Pic(X) is mapped in Z r . Then the following characterization of Pic(X) holds:
x ∈ Pic(X) ⇔ ∀ I, J ∈ I where u IJ is defined by (7) . Proof. Define s : Z r → Z r ⊕ T by s(a) = (a, 0). Then α • s = id Zr and s • α| Pic(X) = id Pic(X) . Then we have for every x ∈ Z r x ∈ α(Pic(X)) ⇔ s(x) ∈ Pic(X).
The result follows from Proposition 3.1 by identifying x and s(x). 
